We compute the B * Bπ couplingĝ ∞ for static heavy-light meson using all-toall propagators. It is shown that low-mode averaging with 100 low-lying eigenmodes indeed improves the signal for the 2-point and 3-point functions for heavy-light meson significantly. Our study suggests that the all-to-all propagator will be a very efficient method for high precision computation of the B * Bπ coupling especially in unquenched QCD where the number of configurations is limited.
§1. Introduction
The significant progress in B factory experiments provides us with crucial information to determine the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements and to test the standard model and the physics beyond. Among all the components, the element |V ub | attracts much attention for testing the consistency of the unitarity triangle when combined with the angle sin(2φ 1 )(= sin(2β)). The consistency of the constraints from |V ub | and sin(2φ 1 ) is especially interesting because |V ub | is determined from a tree level decay process while the decay which determines sin(2φ 1 ) has contributions from penguin amplitudes which is sensitive to new physics. Although sin(2φ 1 ) is already known with a few percent accuracy, |V ub | is known only to 10% -20% from the inclusive and the exclusive semileptonic B decays.
Moreover, the constraint on the unitarity triangle given by |V ub | from the inclusive decay is only marginally consistent with that from sin(2φ 1 ). Therefore, it is quite important to reduce the error of |V ub | determination from the exclusive decay, which can only be achieved by improving the form factor calculation from the lattice QCD.
In general, extracting the form factors in lattice QCD is numerically more difficult than decay constants or bag parameters, since it involves 3-point meson correlators with nonzero recoil momenta, which in general suffer from non-negligible statistical and discretization errors. However, in order to determine the CKM matrix elements such as |V ub | or |V cb | one does not need to know the form factor in finite momentum range, but even the form factors at a single value of q 2 is sufficient. Thus, in principle the form factors at zero momentum recoil can determine the CKM matrix elements provided sufficient statistics in the experimental data. This is indeed the case for |V cb | determination from B → Dlν process. The situation for B → πlν also seems promising since the experimental data are improving rapidly. In fact, recently BaBar Collaboration observed the q 2 dependence of the B → πlν decay quite precisely.
1)
It is known that the symmetries often help to greatly simplify problems. In the case of B mesons, the approximate chiral and heavy quark symmetries restrict the hadronic amplitudes. In particular, the effective Lagrangian which has both the chiral and the heavy quark symmetries together with small symmetry breaking effects allows us to obtain explicit relations among decay constants and form factors by the systematic expansions in chiral perturbation theory and in terms of 1/M, where M is the heavy quark mass. An important example is the form factors of B → πlν semileptonic decay. By the chiral symmetry these form factors can be expressed by the heavy-light decay constants and the coupling of the vector and pseudoscalar heavy-light mesons to the pion, g B * Bπ . In general the pionic coupling of heavy-light meson is defined as
whereĝ Q is the dimensionless coupling which appears in the heavy meson effective theory. Therefore, one can reduce the problem of computing the form factor to easier problems of computing the decay constant and the couplingĝ b .
When one aims at high accuracies, the main sources of uncertainties are (1) the quenching error, (2) the chiral extrapolation error for light quarks , (3) the discretization and/or the perturbative errors from heavyquark. The former two errors are common to almost all quantities, and unquenched QCD simulations with sufficiently light quark to solve those problems is being actively studied with various lattice actions. To reduce the third error, however, formulations of the lattice heavy quark which allows the nonperturbative renormalization and continuum limit are necessary. Promising approaches have been proposed by Alpha collaboration 2) and by Rome II group 3)4) and by their joint collaboration, 5) in which one uses nonperturbative heavy quark effective theory (HQET) through order 1/M or relativistic QCD with finite size scaling technique, or combinations of both respectively. It was found that in the first and the third approaches the results in the static limit should play a crucial role for the precision computation for B meson. For this reason, there have been already several calculations of the B * Bπ coupling using HQET in both the quenched and unquenched lattice QCD. In order to use B * Bπ coupling for precise determination of |V ub |, the sea quark effect from unquenched calculation and 1/M correction are essential. The major drawback of HQET is that the static propagators are much noisier, which limits the accuracies and also make it difficult to study 1/M corrections. In quenched case, one can make use of large number of gauge configurations to reduce the statistical error, while in unquenched case clever techniques to reduce the statistical error for a limited number of configurations are necessary. 6) proposed to use smeared link for HQET action, which can reduce the noise/signal ratio significantly. In particular they showed that the HYP smearing 7) is the most efficient. Low-mode averaging is also known to improve the statistical accuracy. The TrinLat group 8) proposed a new method of all-to-all propagator by combining the low mode averaging and the noisy estimation. They showed that their all-to-all propagator significantly improves heavy-light meson correlators at least on coarse lattices.
Alpha collaboration
In this paper, we aim at high precision computation of the couplingĝ ∞ . Toward high precision computation of B * Bπ coupling in dynamical simulations, we carry out systematic feasibility study on quenched gauge configurations combining the two improved techniques of the HYP smeared link and the all-to-all propagators with low-mode averaging. We find that 100 low eigenmodes dominate the 2-point and 3-point static-light correlators after a few time slices, which implies that the low-mode averaging indeed helps to reduce the error significantly. Although the same gain is achieved by increasing the number of configurations in the quenched case, it has a big advantage for unquenched case where the number of configurations is limited due to large numerical cost.
This paper is organized as follows. In Section 2, we summarize the form factors of the B → πlν decay and implications of recent experiments to |V ub | determinations. Section 3 explains the soft pion relations of the form factors using the chiral perturbation theory for heavy-light mesons. In Section 4, we review the two techniques to improve the precision, i.e. lattice HQET action with the HYP smeared link and the all-to-all propagators. In Section 5, we explain the methods to compute the couplingĝ b . Simulation details are given in Section 6. We present our numerical results in Section 7. Conclusions are given in Section 8.
§2. Form factor
The form factors for B → πlν decay are defined as
where the momenta p B and k π are respectively those of B and π mesons and q = p B − k π is the momentum transfer. q 2 ranges from 0 to q
Neglecting the lepton mass, the branching fraction of the semileptonic decay B → πlν is given only by f + (q 2 ) as
As shown in Eq.(2 . 2) the hadron matrix elements π(k π )|ūγ µ b|B(p B ) are described by the linear combination of the form factors f + (q 2 ) and f 0 (q 2 ) so that one must solve the linear equation for two independent matrix elements in order to obtain the form factors. Since one of the matrix elements vanishes at the zero recoil, the numerical accuracy for f + (q 2 ) near the exact zero recoil is extremely poor. For this reason, the extraction of the form factors are based on the matrix elements with small but nonzero recoil momentum, which give rise to somewhat large statistical and discretization errors. In fact, previous lattice calculations in quenched QCD 9) 10) 11) 12) and in unquenched QCD 13) 14) 15) gave determinations of form factors with typically 20% accuracies, and it seems difficult to reduce the errors with the present technique. Fortunately, at the zero recoil one can use the soft pion relation to relate the form factor to simpler quantities, i.e. the decay constants and the B * Bπ coupling,
Since the hyperfine splitting of B * and B is 45 MeV, the direct decay of B * → Bπ cannot be measured experimentally while can be measured using lattice QCD quite accurately. Quenched lattice computation ofĝ ∞ with HQET was firstly done by UKQCD collaboration 16) , and then Abada et al. 17 ) made more precise calculation. Becirevic et al. also computed
g ∞ = 0.51 ± 0.03 stat ± 0.11 sys for n f = 0, (2 . 4)
It should be noted that the quenched result is quite accurate and once one succeeds in obtaining 1/M correction for B meson either by interpolating the results in the static limit and the charm quark region or by computing 1/M correction in HQET, one can predict the form factors at zero recoil precisely. However, in unquenched QCD the statistical error is one of the major source of uncertainty. Given this situation some clever techniques are needed to improve the accuracy with a limited statistical samples. On the other hand, the experimental situation is remarkable. Belle and BaBar collaborations are measuring B → πlν and they even measure the q 2 dependence. In the most recent results, BaBar measured the partial branching fractions of B → πlν decay with 12 energy bins in q 2 of size of 2 GeV 2 , where q is the momentum of the lepton pair.
We will be able to extrapolate the experimental data to q 2 max in near future. Although the present experimental statistical error is still large, the super B factory is expected to produce 50-100 times more data, which would enable a precise determination of the differential decay rate at soft pion limit, similarly to B → Dlν decay. §3. Chiral perturbation theory for heavy-light meson The low energy dynamics of the heavy-light meson and the light pseudoscalar meson system can be described systematically using the effective meson theory incorporating the breaking terms of the chiral and the heavy quark symmetries. Defining the chiral field as ξ = exp(iM/f ) using the light pseudoscalar meson field M and the heavy meson field H using the heavy-light pseudoscalar and vector fields B, B * as 
where
, and v is the velocity of the heavy meson. The pionic coupling of the heavy-light meson appears in the leading term of the Lagrangian. After including O(1/M) correction, the effective coupling is g B * Bπ = g + g 1 − g 2 M where g 1 , g 2 are the coefficients in the subleading term of the Lagrangian. The heavy-light V-A current is described
where α = f B √ m B . Using this Lagrangian it is straightforward to derive the soft pion relation systematically including the corrections in the chiral perturbation theory as well as 1/M corrections. In the leading order in the chiral perturbation theory and through the order 1/M in the heavy quark expansion,
The B * Bπ coupling can be obtained from the form factor corresponding to the following matrix element
where p B , p B * are the momenta of H and H * and q = p B − p B * . The H * Hπ coupling can be extracted from the residue of the pion pole with longitudinal polarization as
where we have used the kinematical constraint that the matrix element should not diverge at q 2 = 0. Thus the pionic couplingĝ Q is described aŝ
In the static limit, Eq.(3 . 7) simplifies tô
Now the form factor A 1 (0) in the static limit can be obtained from the matrix element at zero recoil as
which can be evaluated using lattice QCD calculations. §4. Lattice HQET and all-to-all propagators
The lattice HQET action in the static limit is defined as
where h(x) is the heavy quark field. The heavy quark propagator is obtained by solving the evolution equation derived from the action with negligible numerical cost. Despite the advantage of having cheap numerical cost and better control over the systematic errors than other lattice heavy quark formulations, the lattice calculations of heavy-light systems with HQET suffer from large statistical noise. The noise can be understood as follows. Consider the 2-point function of heavy-light meson. The signal C 2 (t) and the noise ∆C 2 2 (t) behave as
Thus the noise to signal ratio is
In the static limit the corrections to self-energy and binding energy of the heavy-heavy system exactly vanishes, while in the heavy-light system the power divergent self-energy correction gives a significant contribution to the energy. Therefore, the noise to signal ratio is
where the mass shift has a regularization dependent power divergent term as δm Q ∼ c/a with c being the regularization dependent constant. This implies that the noise problem becomes more and more serious towards the continuum limit.
In order to reduce the noise, Alpha collaboration proposed a new HQET action 6) in which the link variables are smeared to suppress the power divergence. They studied the static heavy-light meson with smearing link by APE smearing, HYP smearing 7) and onelink integral and found that the smeared link significantly reduces the noise which is indeed consistent with the observation that the power divergent mass shifts at one-loop are reduced by smearing. For β = 6.0 lattice with 5000 configurations the noise to signal for the time extent of 1-2 fm remains to be 0.5 -1 percent level. This means that smeared link and large statistics allow high precision computation of the static-light meson. Indeed, Abada et al.
17)
used the HYP smeared link action and obtainedĝ ∞ with 160 configuration with 3-5 percent accuracy, while for unquenched case with 50 configurations the statistical error ofĝ ∞ turned out to be 10% order.
Another useful technique to reduce the statistical error is the all-to-all propagators using low-mode averaging. The low-mode averaging was first introduced by DeGrand et al. 20) for the overlap fermion and extensively used for ǫ-regime 21) as well as baryon propagators.
22)
TrinLat 8) collaboration developed a comprehensive method for all-to-all propagators by combining the low-mode averaging and noisy estimator with time, color, and spin dilutions. Their method is as follows. Define the lattice Dirac Hamiltonian Q as
where D is the lattice Dirac operator. The quark propagator S q (x, y) can be described by the inverse of the HamiltonianQ = Q −1 as
The hermitian operator Q can be decomposed into low-mode part and high-mode part by making use of the spectral decomposition as
where λ i is the eigenvalue associated with eigenvector v (i) , with an index labeling eigenmodes from low absolute values of the eigenvalue. Correspondingly, the propagatorQ is also 8 decomposed asQ
is the projection operator into the space for the modes higher than the N ev -th lowest eigenmodes. Determining the low-lying eigenmodes, one can computeQ 0 directly and evaluate the remaining high mode partQ 1 with noisy estimator. Generating random noise vector η which satisfies the following property, 13) and introducing ψ [r] (x) with 14) one can obtain the all-to-all propagator as
where we have used the property in Eq. (4 . 13). TrinLat collaboration 8) showed that the dilution is efficient to decrease the statistical error of the correlator evaluated with noisy estimator. The dilution is the decomposition of noise vector η into each time, spin and color components as
where j is the index for dilution labeling the set of time, spin, and color source j = (t 0 , α 0 , a 0 ) and η (j)
[r] ( x, t) is defined by
After applying the dilution the all-to-all propagator reads Table I . The quantum numbers of the mesons and the corresponding gamma matrices.
The TrinLat group showed that their all-to-all propagator is indeed useful to get good signal for the heavy-light system on coarse lattices. Although their proposal seems promising, because the power divergence becomes severer for finer lattices, how much quantitative improvement is achieved for finer lattices remains to be investigated. §5. Calculation methods
The matrix element B * |A µ |B at the zero recoil can be obtained from the ratio of 3-point and 2-point correlation functions R(t) as
with operators O B and O B * having quantum numbers of the B and B * mesons, respectively.
We apply the smearing technique to enhance the ground state contributions to the correlators as
where φ( x) is the smearing function. To apply the all-to-all propagator technique introduced in the last section, we decompose the 2-point and 3-point correlation functions into the highand low-mode parts as below. The heavy-light 2-point correlator is written as
where S b is the heavy quark propagator and Γ ,Γ 5 are given in Table I . C(t) is decomposed into two parts: 
(5 . 8) Figure 1 shows the contributions from low-modes and high-modes schematically.
While the above C 0 (t) and C 1 (t) are represented with the fixed source time slice, t = 0, when all-to-all propagator technique is applied, all the translationally equivalent correlators are averaged over. We note that one does not necessarily average over all the source time slice, since after the time dilution is applied the source time slice can be chosen arbitrary. How many the source time slices are adopted should be chosen appropriately for each of C 0 and C 1 by comparing the statistical errors and numerical cost. In the case of the 2-point correlation function, we average over all the available source time slices for both the lowand high-mode parts.
The heavy-light 3-point correlator is represented as
where Γ B * α = γ α , Γ Aα = γ α , andΓ B = −1 (α = 1, 2, 3). They are decomposed into four parts: C ll , C lh , C hh , and C hl denote low-low, low-high, high-high, and high-low mode correlators respectively, which are schematically shown in Fig. 2 . Explicit expressions of 3-point functions are given in Appendix.
As noted for the 2-point correlation functions, the translationally equivalent correlators can be averaged over appropriate number of the source time slices. For the low-low part, we averaged over all the source time slices since the numerical cost is small. For other three parts, we explore the best solution in later section. §6. Simulation Details Our simulations are carried out on a quenched 16 3 ×48 lattice with the standard plaquette gauge action at β = 6/g 2 = 6.0. We take 32 gauge configurations generated by the pseudoheat-bath update algorithm each separated by 1000 Monte Carlo sweeps after spending 10,000 sweeps for thermalization.
In the HQET, we use the static action using HYP smeared links with parameters (α 1 , α 2 , α 3 ) = The low-mode parts of the correlation functions can be computed with these eigenvectors. For the high-mode parts of the correlator, we obtain the quark propagator with a source vector which is given by a normalized complex Z 2 random noise and then projected into the space perpendicular to the space spanned by the low-modes. The time, color, and spinor dilution is applied, and all color and spinor components are summed over, while the number of time dilution N t 0 may be kept less than the total time extent N t = 48. The Dirac operator is inverted by the BiCGStab algorithm with stopping condition 10 −10 . The number of eigenmodes for the low-mode averaging is chosen to be N ev = 100 and the number of random noise and time dilution are taken to be N r = 1 and N t 0 = 4 for our final productive run. This choice is exploited so as to achieve good statistical accuracy of correlators while keeping the numerical cost at a reasonable level based on our exploratory study of 2-point and 3-point functions by changing the parameter choices, which will be explained below.
Exploratory study on parameter choice for all-to-all propagators
In this subsection we perform exploratory studies on the parameter choice for the all-toall propagators in order to optimize the numerical accuracy of the correlators with modest numerical cost. It turned out that obtaining 100 low eigenmodes is feasible since it costs about 2-hours per configuration on our computational resources * ) , which is not so large compared to other part of the calculation. For the correlator, the numerical cost for the allto-all propagators for the low-mode part grows linearly in N ev for 2-point correlators since there is only one light quark propagator in the diagram, while for 3-point correlators it grows quadratically in N ev because of two light quark propagators in the diagram. On the other hand, the high-mode part grows linearly both in N t 0 and N r because we apply the source method to compute high-high part of the 3-point correlation functions.
In the following exploratory analysis we study the parameter dependence using the data with 32 configurations for both 2-and 3-point correlators. All the studies of the 2-point correlator is carried out with N r = 1. Except for the study of N t 0 dependence, the 2-point functions are basically studied with N t 0 = 4, while in the final production run we take N t 0 = 48. For 3-point correlators basic studies are made for (N r , N t 0 , t A ) = (1, 4, 8) except for the study of (N r , N t 0 ) or t A dependence, while for the production run the same parameters are adopted. * ) In this section, we often quote the computational cost by the CPU time using 1 CPU of our vector supercomputer. Since the CPU time depends crucially on the architecture so that the comparison of the cost estimate does not have any rigorous meaning but should be understood only as one particular reference value for guidance out of many others. 
N ev dependence of the 2-point correlator
We first study the N ev dependence of the 2-point correlators. The low-mode averaging gives the exact all-to-all propagator for the low mode part, thus it improves the statistical accuracy of the low-mode contribution significantly. Therefore if the low-mode contribution dominates the 2-point function for the time range where the effective mass shows the plateau, one can expect that the better accuracy can be obtained. Fig. 3 show the effective mass This can be understood as the low-mode dominance in the correlator for large t. Since we use the low-mode averaging, the low-mode part has the best accuracy. On the other hand, for high-mode part we only average over N t 0 = 4 timeslices for source points in this particular analysis so that maximal statistical accuracy is not obtained. Also the high-mode part suffers from additional statistical error due to the random source for the noisy estimator. These makes the high-mode part much noisier than the low-mode part. Fig. 4 shows the low-mode and high-mode contributions to the 2-point correlators for different choices of the number of low eigenmodes N ev . We find that for N ev = 100, the low-mode contribution dominates the 2-point correlator for t ≥ 6 where one has almost reached the plateau, while
for N ev = 20 the low-mode dominance is obtained only for t > 15.
Although the 100 eigenmode calculation of 2 hours is rather time consuming, it still pays considering larger computational time for 3-point correlators. Computing complete low-mode averaging of the 2-point correlators takes about 35 minutes per configuration.
The high-modes with averaging over 4 time slices typically takes another 35 minutes, while averaging over total 48 time slices would typically take 7 hours. This means that taking N ev = 100 and reducing the effect of noisy high mode contribution would be the most efficient choice.
Effect of low mode averaging for the 2-point correlator
Although it is obvious that once we have the low eigenmodes one should definitely make complete low-mode averaging, but it would still be interesting to see how much gain in statistical accuracy we obtain by the low-mode averaging. For this purpose, we compare the results with averaging over only 4 source time slices and those with averaging over all time slices for the low-mode part. Fig. 5 shows the comparison of effective mass plots of the 2-point correlators, in which low-mode contributions are averaged over 4 time slices equally separated and over 48 timeslices. There is obviously a significant improvement in statistics.
Looking at the errors at t =5-10 we find that increasing from N t 0 from 4 to 48 the statistical errors further reduces by factor 2-3 which is effectively equivalent to having 4-9 statistically more independent configurations, which suggests that out of 48 time slices 8-12 time slices are effectively statistically independent.
Effect of t 0 averaging for high-mode part for the 2-point correlator
We also study the effect of t 0 averaging for the high-mode contribution. In Fig. 6 , we compare the data with N t 0 = 4, and 48. We can obtain more convincing plateau for the data with N t 0 = 48. In fact, the data with N t 0 = 48 has about factor 1.5-2 smaller errors than that with N t 0 = 4 due to the reduction of the errors for the high mode part which is not a negligible contribution. This is because even though the high-mode contribution itself is small, its error is roughly equal to that of the low-mode parts. It is also possible to reduce the error by increasing N r . However, as was pointed out by TrinLat group, increasing N r reduces only the error from the noisy estimator in the high mode, while increasing N t 0 reduces the error of both the noisy estimator and the error from the fluctuation of the gauge field. Since the 2-point correlator is relatively cheap we decide to take N t 0 = 48 and N r = 1 which already gives sufficiently good results. We postpone the practical study of N r dependence in later subsection where we study the 3-point correlators.
6.1.5. Low mode dominance in the 3-point correlator Now we turn to the study of the 3-point correlators for which we study the contribution of low-low, high-low, low-high and high-high modes. Fig. 7 shows the contribution of each mode to 3-point correlator for κ = 0.1335, N ev = 100, (N r , N t 0 ) = (1, 4) and t A = 8. We find that for t < 9 (t + t A < 17) high-low and low-low are the two dominant contributions, where high-low is larger for t ≤ 4 (t + t A ≤ 12) while low-low is larger for t ≥ 5 (t + t A ≥ 13).
While it is true low-mode averaging really helps to reduce the error, it is also important to reduce the error for high-low contribution by taking more averaging for the high-modes. This is achieved by two independent ways. One is to take larger N t 0 for averaging the highmode over the timeslices of the source points. The other is to increase N r . In the next subsections we examine both of the effects.
6.1.6. (N r , N t 0 ) dependences of the 3-point correlator Fig. 8 shows the (N r , N t 0 ) dependences of the 3-point correlator with t A = 8. We find that increasing N r from 1 to 4 gives about factor 1.4 reduction in statistical errors, while increasing N t 0 from 1 to 4 gives about factor 2 reduction in statistical errors for all t. Therefore we find that for a given computational resources increasing N t 0 is more efficient than increasing N r . This is as expected since increasing N t 0 reduces both the error from the gauge fluctuation and the error from the noisy estimator while increasing N r reduces only the latter.
6.1.7. t A dependence Fig. 9 shows the time dependence of the 3-point/2-point ratio R(t, t A ) for t A = 7, 8, 9.
The results for t A = 7, 8, 9 are consistent. The result of fitting the data for t A = 9 is relatively poor and give large statistical error, while those for t A = 7, 8 do not differ in precision. From this study we conclude t A = 8 is a reasonable choice for productive run. We also find that the best fitting range of R(t, t A ) is t + t A = 12 − 16(t = 4 − 8) . §7. Results
In this section we present the results from our productive run for 32 cofingurations on 
2-point correlators
In this subsection we show our results of the 2-point correlators. Fig. 10 shows the noise to signal ratio R N S = ∆C 2 (t)/C 2 (t) of the 2-point function. As shown in Fig. 10 N conf = 32. Extrapolating linearly in (am π ) 2 we obtain aE = 0.408 ± 0.002, (7 . 3) i.e. 0.5% accuracy in the chiral limit. Fig. 14. 3-point/2-point correlator ratio R(t, t A ) for κ = 0.1335, 0.1340, and 0.1342 with 4 t 0 sources. We observe good plateau at t ∈ [5, 9] . fits of this ratio with fitting range t = [5, 9] , we obtain where each result has 2% accuracy. The bare lattice operator for the light-light axial vector current should be renormalized as follows.
3-point correlators
The second term does not contribute after summing over all spatial positions. Z A has been determined nonperturbatively by Alpha collaboration. At β = 6.0, they determined , which is consistent with ours within 2σ. We note that their results for finite quark masses have 4-6% statistical errors giving 9 % accuracy in the chiral limit with order 100 configurations whereas ours have 2% statistical error for finite quark masses giving 3 % accuracy in the chiral limit with 32 configurations, showing a significant improvement in statistical accuracy using the all-to-all propagators. In this paper, we studied the feasibility of the all-to-all propagator method for precision computation of the B * Bπ couplingĝ ∞ . Determining 100 eigenmodes, we find that the lowmodes dominate the correlators so that the low-mode averaging in the all-to-all propagator reduces the noise significantly.
For some reference we give the cost estimate using 1 CPU on our vector supercomputer as shown in Table. II. For 2-point heavy-light meson correlators in quenched QCD, 8 or 10 hours are spent per configuration using all-to-all propagator with N ev = 100 and (N r , N t 0 ) = (1, 48) with or without including the time for eigenmode calculation . If the equivalent computational cost were used for ordinary method with single source timeslice, one would have computed correlators with 64-80 times more configurations, which could reduce the error by factor 8-9. On the other hand, the errors of the 2-point correlator for 32 configuration are factor 10-12 smaller than those by ordinary method. Therefore there is a marginal gain with all-to-all propagator. We presume that the situation would be similar for 3-point correlators although we have not studied the comparison of results from all-to-all propagator and from ordinary method.
However, the essential aim of this study is not to show that we have a marginal gain with all-to-all propagator in quenched QCD. What is important is that our result in quenched QCD suggests that there would be significant gain in unquenched QCD, in which generating configurations are much more costly than measurement. Also the fact that only 32 independent gauge configurations are sufficient for obtaining very precise result with a few percent accuracy is encouraging. 
Appendix
In this appendix we give the definitions of the low-low, low-high, high-high, and high-low mode correlators C ll , C lh , C hh , and C hl , where the first (second) index of C q 1 q 2 specifies the quark propagator from t A to t B * (from t B to t A ). The low-low contribution to the 3-pt functions are given as While we repeatedly use the same symbols A ij α (t A ) and B ij α (t B * , t B ), we anticipate no confusion occurs, since they are valid only in the expression just before they are defined.
In the case of C hl , we set the source of noisy estimator on t B * . Since Q 1 is hermitian, The high-high part, C
hh , is evaluated by the noisy estimator with a source vector put on the time slice t B .
C hh (t B * , t A , t B ) = 1 V
x, y, z r, w
Tr S b ( y, t B ; x, t B * )Γ B * αQ 1 ( x + w, t B * ; z, t A ) × Γ AαQ1 ( z, t A ; y + w, t B )Γ B φ( r)φ( w) (8 . 14) 
